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Nomenclature
Bi[ deterministic bias, Eq. (10c)
b = constant in Gaussian function, s, Eq. (7)
Cp = heat capacity, kJ/(kg°C)
I;(z) = jthmodified Bessel function
K = convolution kernel, Eq. (1c)
k = thermal conductivity, W/(m°C)
M = number of data points
M, convolution kernel, Eq. (5a)
M, = -convolution kernel, Eq. (5b)
N = convolution kernel, Eq. (6b)
q” = dimensional heat flux, W/m?
q! = surface heat flux, W/m?
q; = maximum Gaussian heat-flux value, W/m?
T = temperature, °C
T; = discrete temperature, °C
T, = surface temperature, °C
Ty = initial temperature, °C
t = time, s
lmax = Mmaximum time, s
to = dummy variable, s
u = velocity of moving surface, m/s
v = dummy variable, Eq. (3)
X = spatial variable, m
Z = dummy argument
o = thermal diffusivity, m?/s
B = constant, Eq. (1c)
€ = noise factor, Eqs. (8a) and (8b)
6 = temperature difference, Ty — T, °C
A = constant, Eq. (1c)
o = density, kg/m?
o = constant, Eq. (7)
01\24 = variance, Eq. (10d)

Received 23 May 2004; revision received 5 January 2005; accepted for
publication 5 January 2005. Copyright © 2005 by the American Institute of
Aeronautics and Astronautics, Inc. All rights reserved. Copies of this paper
may be made for personal or internal use, on condition that the copier pay
the $10.00 per-copy fee to the Copyright Clearance Center, Inc., 222 Rose-
wood Drive, Danvers, MA 01923; include the code 0887-8722/05 $10.00 in
correspondence with the CCC.

*Professor, Mechanical, Aerospace and Biomedical Engineering Depart-
ment; virankel@earthlink.net. Senior Member AIAA.

T President; lawless@alumni.princeton.edu. Senior Member AIAA.

587

Introduction

REVIOUS work!~3 has shown that heat-transfer problems pre-

viously thought to be ill posed can become well posed if dif-
ferent sensors are chosen to provide the initial and/or boundary
conditions. In particular, relative to conventional temperature 7' or
heat-flux ¢” sensors, there is a strong advantage to sensors that
directly measure time-derivative data, such as d7'/dr, dg”/dt, etc.
In an effort to define the requirements for such sensors as well as
to demonstrate their potential uses, numerical solutions of a heat-
transfer problem are presented herein. Solutions are performed us-
ing simulated data from a temperature sensor and using simulated
data from a dT'/dr sensor. The performance of these sensors in the
presence of noise and increasing sample rates is compared. The
results demonstrate that, for the accuracy of the computed results,
the choice of data space, T or d7'/dr in this case, can be far more
important than the accuracy of the sensor.

Kulish and Novozhilov* recently developed an integral relation-
ship between the local temperature and heat flux in a semi-infinite
domain with a constant velocity moving boundary. The half-space
is initially at the uniform temperature 7 (x, 0) =7, while mov-
ing at constant velocity u. At r =0, the surface at x =0 is sub-
jected to a heat flux denoted as ¢’ (¢). Here, T is the temperature,
x >0, ¢ > 0 are the spatial and temporal domains. Penner and Olfe?
also describe such problems with inclusion of volumetric radiative
effects.

Kulish and his colleagues*®~® have investigated several transient,
linear, half-space heat-transfer problems and developed novel in-
tegral relationships between the temperature and heat flux. This
local relationship (not solution) is quite useful in the half-space
investigations considered by Kulish and his colleagues. Their in-
tegral relationships permit two distinct interpretations. The first is
direct and stable while the second is inverse and normally unsta-
ble (depending on the data space). The first involves the speci-
fication of the local heat flux from which the local temperature
is determined. This statement only requires the implementation
of integration. The second involves the specification of tempera-
ture from which the local heat flux is reconstructed. This situa-
tion leads to a Volterra integral equation of the first kind. If dis-
crete, noisy temperature data are specified, then this formulation is
unstable.

The heat flux*°~ is analytically provided, leading to a relatively
simple numerical procedure for obtaining the corresponding temper-
ature. Frankel et al.' have noted that this defines a stable numerical
direction. However, determining the heat flux from discrete, noisy
temperature data leads to an unstable numerical prediction. That is,
the prediction noticeably worsens as either the noise level or sam-
ple density increases. Regularization methods are normally imple-
mented in order to arrive at an acceptable prediction. Determining
the optimal regularization parameter is crucial and often difficult to
achieve. The quality of the prediction is closely connected to the reg-
ularization parameter. To date, no steadfast rigorous mathematical
rules are available. To circumvent this unfavorable characteristic,
Frankel and his colleagues'— have analyzed the concept of using
an alternative data space. This idea involves using higher time-
derivative measurements involving the temperature and heat flux.
The mechanical analogy (displacement — velocity — acceleration)
is quite apparent. Frankel and his colleagues'~* have developed sev-
eral theoretical concepts for measuring the proposed hierarchical'
system involving d7'/dt, dg” /dt, and d*T /d¢>.
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The move toward real-time analysis can benefit from the develop-
ment of such higher-time-derivative measurement techniques. For
example, the health management of machines subjected to high ther-
mal stresses might require the inferences of both temperature and
heat fluxes in order to devise a cooling strategy. The numerical so-
lutions presented herein describe how both quantities on a surface
can be reliably inferred from a single d7"/d¢ sensor. More complex
health management problems might require other combinations of
sensors and analysis, but the choice of sensor data space is expected
to remain important.

Mathematical Formulation

The linear, heat-conduction equation under consideration is given
by*

—(x t)+u (x t) = f(x,t) x,t>0 (la)

where « is the thermal d1ffusw1ty and u is the speed of the do-
main boundary® moving from right to left in order for the ablating
surface to remain at x =0 (i.e., u <0). Kulish and Novozhilov*
develop an integral relationship between the temperature and heat
flux as

t
Tx,t)=T, +/ q" (x, 1)K (t — o) dtg x,t >0 (1b)
tp=0

with the convolution kernel K (¢t — #y) given as

)\'e—uz([—lg)/ém u t—1
Kt —t0) = " + erfe( —3 t> 1
o

r—1

1c
where A =1//(wkpc,), B =u/(2k), and erfc(z) is the complengen2
tary error function (Ref. 9, p. 297) with argument z. At the surface
(x =0), Eq. (1b) reduces to

t
T,r(t)=To+/ g (1)Kt —19)dy =0 (1d)
1o=0

where T,(t) =T(0, ¢) and g/ (t) =¢" (0, t). Under the condition of
no motion (# =0), Eq. (1b) reduces to
t

q”(x fo)
0o VI lo

The Green’s function solution' leads to the identical result at the
boundary x =0. A significant amount of literature’>!912 exists
using Eq. (le) at x = 0. For example, some arcjet studies make use
of Eq. (1e) at x =0 for estimating the heat flux based on surface-
temperature measurements. This leads to unstable numerical results
requiring additional postprocessing and thus removes any real-time
interpretation.

An elegant manner* for confirming the integral relation is avail-
able with the aid of the equivalent heat-flux formulation of the heat
equation, namely,

aq// aq// azq//

t(x,t)—{—uax(x,t):aaz(x,t) x,t >0 )

T(x,t) = To+ A xt>0 (le)

That is, one can verify Eq. (1b) through comparison with Eq. (2)
upon substituting Eq. (1b) into Eq. (1a) and making use of funda-
mental calculus.

Deriving a Stabilized Data Set: Future Sensors

As u— 0 in Eq. (1d), the classical Abel integral equation re-
sults having known inversion properties.!'3~!® Frankel et al.' de-
veloped a hierarchical inversion sequence of the Abel equation to
provide insight into devising a proper sensor sequence for stable
predictions. That is, an Abel inversion' indicates a stable data space
from which data should be collected. For simplicity but without
loss of generality, the boundary relationship at x =0 is the fo-
cus of the present analysis, though any position x can be equally
analyzed using the approach taken here. Also, for simplicity, let
0(t)=T(0,t)—Ty=T,(t) — Ty, where To =0°C. The Abel inver-
sion begins by letting t — v in Eq. (1d), operating on the result with

dv/./(t — v) and then integrating over the domain of interest to
formally arrive at
Q)

dv
o=V

v

1
=0 VI =V Jy=0
Carefully interchanging orders of integration on the double integral
and then renaming the dummy variable in the left-hand side for
convenience produces

q!(t)K(w —1to)dtpdv >0 3)

00) 40 = [ "(to) M, (t — to) df
0= q, (to) My (T — 1p) dip
o VE—1o =0
+B q! (to) M, (t — to) dto “4)
=0

where the convolution kernels M, (t — t) and M,,(t — t,) are defined
as and integrate to

t —ul(w—
e i (v—19)/4a

Mot — 1) = -
o= i
_ ne—uz(t—to)/&xlol:w} (5a)
8a
y B ! erfc(—u«/v —10/2«/&) d
p(t — 1) = /uro m v

= 2=t u e — )
o
2(t —t 2(t —
N P NGl BN I Gt ) > 1 (5b)
8a 8«

where I,(z) is the pth modified Bessel function (Ref. 9, p. 374)
having argument z. Next, integrate the left-hand side of Eq. (4) by
parts and then operate on Eq. (4) with d/dz. Making use of Leibnitz’s
rule (Ref. 17, p. 287) on this result and finally returning to the original
dependent variable yields

/’ dTy(t)  dty
=0 dty /t—1

t
= Amq/(®) + / q ()N —t)dty  1>0 (6a)
1

0=0
where the convolution kernel N (t — 1) is defined as

N(t —

IM,
to) +ﬁ7(f — o) t>1 (6b)
with

2
— u efuz(tfto)/&x

P
%(t —1) = \/1; \/7 —u (1~ 19) /3
()]
o))

(6d)

at
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Equation (6a) is a weakly singular Volterra integral equation of the
second kind'*~1¢ for ¢/ (t) when provided dT,/dt. This is in stark
contrast to Eq. (1d), which is a weakly singular Volterra integral
equation of the first kind when provided T data. Itis well known that
first-kind Volterra equations'®! are mildly ill posed while second-
kind Volterra equations are well posed. The weak singularity does
not cause any difficulty because product integration rules'* or singu-
larity subtraction'® can be used. Also, when u = 0 Eq. (6a) reduces
to the well-known result®

" 1 "dAT () dg
q, (1) = —
=0 diy Jt—1

AT
The next section displays numerical results for a test case involving
random error in the data spaces. It is assumed that other forms of
error, such as bias, are accounted through calibration.

Because experimental data are inexact, its real-time use in numer-
ical schemes must be viewed with some care. That is, real-time use
requires using the interpreted value without consideration to its error
band. This, of course, is incorrect but convenient. Differentiation of
such data is well known to be ill posed in the classical sense.?0~??
It is not normally recommended to use these data exactly because
they place too much emphasis on their inexact value. However, by
changing the data space it will be demonstrated that measurements
with a high degree of error can produce more accurate and stable
results than measurements having a low degree of error. The choice
of the data space must thus be considered. These remarks involve the
direct measurement or interpretation of thermal “rate” quantities.

t>0 (6e)

Numerical Predictions

Let us demonstrate several key issues by considering the heat flux
of the Gaussian form*

n_—[(t—b)/o]?
q/(t) = ge =0/ >0 7

where ¢ is the maximum heat-flux value acquired at  =b. The
physical meanings for the parameters b and o are self-evident. For
the present study, inexact, discrete data for the surface tempera-
ture {7 ; },M: | and surface heating/cooling rate {d 7} ; / dt}f.M: | are pro-
vided. Though not necessary, exact initial conditions are imposed at
t =0 owing to their availability. Again, for demonstration purposes
the analysis and numerical results consider the surface at x = 0. This
is not necessary as already noted. Kulish and Novozhilov* present
temperature results when provided the exact, analytic heat-flux func-
tion. The physics of constant velocity motion u on the resulting sur-
face temperature when provided the heat flux is well documented.*
This study focuses on comparing two, discrete data forms (tem-
perature 7, and heating/cooling rate d7;/dr) and their abilities to
predict the surface heat flux as the noise levels and sampling rates
are varied.

Numerically exact temperature data are generated by discretizing
Eq. (1d) using g/ (¢) as defined in Eq. (7). Numerous numerical
methods'> are available for implementation. For this study, a product
trapezoidal rule'*!3 is implemented for obtaining the discrete exact
values of 7 (;). A simple forward finite difference method is used to
then develop the exact heating/cooling rate data set {dT;(5;)/dt})
based on these values. The noisy data sets can be developed based
on locality with the aid of

T;; = T;(t:)(1 + €, Random, ;[—1, 1]) (8a)
dT‘“"—dT“(z)(H Randomy ;[-1,1))  i=1,2 M
o = e;Random; ;[—1, i=12,...,

(3b)
or based on globality through
T,; = T, (t;) + 1T () | €1 Random, ;[—1, 1] (8c)
ar,;  dT, dT,
o = ” () + " (1) ooezRandomz,,-[—l, 1]

i=1,2,...,M (8d)
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Fig. 1 Temperature T(f) [, exact; open discrete symbol, noisy
data, €; = 0.0125, Eq. (8c)] and heating/cooling rate d7s/dt [: , exact;
open discrete symbol, noisy data, €, = 0.1, Eq. (8d)] used for simulation
when M = 300.
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0 0.00025 _0.0005
Time, t(s)

0.00075 0.001

Fig. 2 Temperature T(f) [, exact; open discrete symbol, noisy
data, €; = 0.0125, Eq. (8c)] and heating/cooling rate d7/dt [—, exact;
open discrete symbol, noisy data, €, = 0.1, Eq. (8d)] used for simulation
when M = 3000.

where ||V || = max, ¢ (0,4, ¥ (#)] is the infinity norm of the func-
tion W (1), €, k = 1, 2 are noise levels while Random;, ; are randomly
drawn numbers from a uniform distribution in the interval [—1, 1]
such that the mean error for each data set is zero. Both forms of data
generation were tested. The global definitions given in Egs. (8c) and
(8d) are used in this study. The results associated with local error
generation, as shown in Egs. (8a) and (8b), works equally as well
for verifying the hypothesis of this Note.

Figures 1 (M =300) and 2 (M = 3000) display both the numer-
ically exact solution and noisy data sets for the surface tempera-
ture 7;(¢) and heating/cooling rate d7;/dr when €, =0.0125, ¢, =
0.1. Additionally, it is assumed that u = —1 m/s, b=2.5 x 10™*s,
o=5x10"% s, gy =75 kW/em?, k=52 W/(m°C), and pc,=
1.73 x 10° J/(m3°C). For these plots, the discrete time ¢; is de-
fined using f;, =iAt, i=1,2,..., M, where At=ty,/M and
tmax = 0.001 s. Throughout this presentation, solid lines represent
numerically exact results, and open symbols represent discrete data.
For this Note, only graphical results are presented for the velocity
u=—1m/s.

The relative simplicity of Eq. (1d) permits use of a hybrid prod-
uct and Newton—Cotes right-hand rectangular rule. This simple
numerical approach can be modified at a later time if required for
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Fig. 3 Predicted heat fluxes ¢'(f): a) —, exact, Eq. (7); b) ———,

errorless data predictions, €; = 0, Eq. (1d); and c¢) open discrete symbol,
noisy data predictions, €; = 0.0125, Eq. (1d) when M = 300.
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Fig. 4 Predicted heat fluxes ¢/'(f): a) —, exact, Eq. (7); b) -——,

errorless data predictions, €, = 0, Eq. (6a); and c) open discrete symbol,
noisy data predictions, €, = 0.1, Eq. (6a) when M = 300.

defining a consistent numerical scheme. This implementation is also
used for discretizing Eq. (6a). The product integration method is
applied only to the singular kernel contributions while a conven-
tional Newton—Cotes rectangular method is implemented elsewhere.
Figures 3 and 4 present predictions for the surface heat flux based
on the data presented in Fig. 1. Figure 3 displays 1) the exact heat
flux given in Eq. (7) by the solid line, 2) the numerically predicted
heat flux using Eq. (1b) when €; = 0 by the dashed line, and 3) the
numerically predicted heat flux using Eq. (1b) when ¢; = 0.0125 by
the open circles. The numerical method nearly replicates the exact
heat flux when the discrete data contain no induced errors (¢; =0),
that is, the solid and dashed lines are nearly indistinguishable. This
indicates that the numerical method is functionally well. However,
the poor convergence of the results with the noisy data indicate that
the sample set size is insufficient for convergence.

Figure 4 presents a set of results corresponding to that of Fig. 3
with the exception that Eq. (6a) is resolved using heating/cooling
rate data presented in Fig. 1. Figure 4 displays 1) the exact heat flux
given in Eq. (7) by the solid line, 2) the numerically predicted heat
flux using Eq. (6a) when €, = 0 by the dashed line, and 3) the numer-
ically predicted heat flux using Eq. (6a) when €, = 0.1 by the open
triangles. Again, as expected, the numerical procedure nearly em-

0.00075 0.001

0 0.00025 0.0005
Time, t (s)
Fig. 5 Predicted heat fluxes ¢)'(f): a) —, exact, Eq. (7); b) ———,

errorless data predictions, €; = 0, Eq. (1d); and c¢) open discrete symbol,
noisy data predictions, €; = 0.0125, Eq. (1d) when M = 3000.
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0 0.00025 0.0005 0.00075 0.001
Time, t (s)
Fig. 6 Predicted heat fluxes ¢/'(f): a) —, exact, Eq. (7); b) ———,

errorless data predictions, €, = 0, Eq. (6a); and c) open discrete symbol,
noisy data predictions, €, = 0.1, Eq. (6a) when M = 3000.

ulates the exact solution when the discrete data contain zero noise.
The noisy data set associated with the heating/cooling rate data pro-
duces a more accurate heat-flux prediction than the data developed
by the corresponding temperature set containing less error. Error
amplification is not graphically observed when using {d7; ; /d¢} .
This is expected because Eq. (6a) is a second-kind Volterra equation.
Solving Volterra equations are analogous to solving initial-value
differential equations in that a marching method can be used. This
permits near, real-time analysis to be performed.

Another annoying feature of ill-conditioned (or ill-posed) prob-
lems is observable as the approximation is refined or the sampling
rate is increased. In direct or forward problems, normally better re-
sults are generated as the approximation is refined. This is not the
case with ill-posed problems. As the approximation is refined, the
error in the output can begin to increase. Thus, an optimal predic-
tion occurs at some unknown juncture. Figures 5 and 6 present the
predicted surface heat flux based on the data presented in Fig. 2. In
these cases, the sample density is increased by a factor of 10 from
M =300 to 3000. Figure 5 displays the similar sets of results pre-
sented in Fig. 3, that is, 1) exact; 2) estimated using errorless data,
€; =0; and 3) predicted using noisy data, €; =0.0125. It is evident
that error amplification in the prediction occurs for fixed induced
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Fig. 7 Rms of the output error, Eq. (9b), when u = —1 m/s over sam-
ple density (temperature data: O, €; = 0.0125; @, ¢; = 0.025; and
heating/cooling rate data: A, e; = 0.1; A, €3 = 0.2).

error as the sample density is increased. This results in an unus-
able real-time prediction. Figure 6 presents the predicted heat flux
using the heating/cooling rate data displayed in Fig. 2. Unlike the
temperature data, the heat-flux prediction is accurate in light of the
significant amount of input error. Figure 6 portrays error and sam-
pling density trends indicative of a direct problem. In these cases,
the numerical integration methods contain enough panels for es-
tablishing convergence of the numerical scheme in the presence of
ideal discrete data.

Figure 7 displays the behavior of the rms of the output error as the
sample density is increased for two induced noise levels for both
data types. This plot graphically displays the concept of stability
and accuracy based on the data space when u = —1 m/s. The rms
input error is defined as

lem(¥)|l2 =

M
MW@ — WP
(%a)
M

where W(z) is the exact, input data function and W; is the corre-
sponding discrete, input data with imposed error. Here, W(¢) either
represents the temperature 7 or heating/cooling rate d7;/dz. The

rms of the output error is defined as

M
" 1gr) — gl
leour(q!. ¥)ll2 =\/ Lizild - %, (9b)

where q;’ ;»i=1,2,..., M are the numerically obtained values for
the heat flux. Equation (9b) also notationally contains the data source
used for estimating the heat flux. The rms input data error tends to
be relatively constant over M for fixed error €;, i =1, 2. This is in
line with physical expectations associated with random errors and
is thus not numerically detailed. Figure 7 displays the rms output
error results for €; =0.0125 (open circle), €; = 0.025 (filled circle),
€, =0.1 (open triangle), and ¢, = 0.2 (filled triangle) as the sample
density M is increased. The heating/cooling rate data space clearly
presents a favorable trend for the accurate and reliable prediction of
the surface heat flux. That is, error reduction is observed when ap-
plying heating/cooling rate data while error amplication is observed
when applying the temperature data. Again, a significant amount
of error is introduced into the heating/cooling rate data to empha-
size that these sensors do not require extreme accuracy. The unusual
(nonmonotonic) small M behavior for the heating/cooling rate data
requires some additional explanation.

Figure 8 presents a similar plot to Fig. 7 but where the front
is now assumed stationary (i.e., u =0 m/s). This figure presents
a monotonic decay for the rms of the predictive errors based on

@
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M (number of data points)

Fig. 8 Rms of the output error, Eq. (9b), when u = 0 m/s over sam-
ple density (temperature data: O, ¢; = 0.0125; @, ¢; = 0.025; and
heating/cooling rate data: A, e; = 0.1; A, €3 = 0.2).
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Fig. 9 Deterministic bias By (circle, temperature data; triangle, heat-
ing/cooling rate data) and variance o)/ (square, temperature data; gra-
dient, heating/cooling rate data) breakdown when z = 0 m/s (O, A, ()
and z = —1 m/s (@, A, H) over sample density (temperature data: ¢; =
0.0125; heating/cooling rate data: €, = 0.1).

the heating/cooling rate data. The differential operators (or equiva-
lent integral operators) are different as the convective term vanishes
(when u =0 m/s). To clarify this issue further, consideration is di-
rected toward decomposing the predictive heat-flux error into com-
ponents involving deterministic bias and variance (Ref. 23, p. 180).
The difference between the exact heat flux ¢/ (7;) and predictive
heat flux in the presence of noisy data g, at time ¢ =¢; is given
as

/) —ql; =q/(t) =40 T4 im0 — a0 (10a)
Therefore, one can show
g (t) — a2 < By +oum (10b)

where the deterministic bias 31%4 and variance 01‘24 are defined as

By, =g/ (t) —qc_oll> (10c)

‘71%/1 = ||61;ii,s=o -4 ”% (10d)

The deterministic bias is a measure involving the ideal discrete data
and the exact solution. This indicates the merit of the imposed
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numerical method. The variance indicates how sensitive the ap-
proach is to random fluctuations in the data. In inverse problems,
the bias tends to decrease as the approximation level increases. On
the other hand, as the approximation is refined the variance tends
to grow. Figure 9 presents results for the square root of the bias B,
and variance o), for u =0, —1 m/s when ¢; =0.0125 and ¢, =0.1.
The simple numerical procedure indicates that the bias decreases as
the sample density increases for all four tested cases. The variance
caused by the temperature-based data for both velocities tends to
grow as the sampling density increases. This is typical of an ill-
posed problem [see Eq. (10b)]. In constrast, by changing the data
space to involve heating/cooling rate measurements, the variance
initially grows and then decreases as the sampling rate increases.
This is unlike the behavior of an ill-posed problem. Hence, the
highly appealing results shown in Fig. 6 exemplify these remarks.

Conclusions

The purpose of this brief Note is twofold: 1) to derive an inverse-
type, moving-boundary-value problem and 2) to demonstrate that
it is possible to obtain accurate predictions without difficulty by
merely changing the data space.! This should assist motivating the
development of rate-based thermal sensors for the heat-transfer
community especially for applications requiring near, real-time
analysis. Future scientific applications could greatly benefit from
such a stand-alone sensor solution or integrated into a sensor/
analysis simulation. Accurate stand-alone sensors do not guarantee
accurate predictions of other quantities unless a clear understand-
ing of how the data space propagates through the mathematical
formulation.
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